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FOREWORD 


The  solution  for  the  perfect  fluid  forces  on  a  tank 
oscillating  in  a  carried  acceleration  field  as  given  in  ' 
Reference  (1)  are  in  error  throurh  the  use  of  an  incomplete 
free  surface  boundary  condition.  The  present  report  presents 
a  corrected  solution. 
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SUMART 


The  correct  boundary  condition  at  the  free  surface  of  a  fluid 
in  a  tank  oscillating  in  a  carried  acceleration  field  (as  in  a  freely 
falling  missile)  is  derived  and  then  applied  to  the  potential  function 
solution  of  Reference  (1).  Results  are  written  in  the  form  of  trans¬ 
fer  functions  giving  the  transverse  force  and  moment  about  the  tank 
base  for  arbitrary  planar  notions  of  the  tank. 

A  mechanical  analogy  of  fixed  mass  plus  pendulous  moss  in  given 
which  duplicates  exactly  tho  forces  due  to  the  first  (fundamental) 
fluid  mode. 
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INTRODUCTION 

A  cylindrical  tank,  martially  filled  with  a  liquid,  is  considered 
to  translate  and  rotate  in  an  arbitrary  winner  alonf  and  about  trans¬ 
verse  axes  through  itc  base. 

The  object  of  thie  rerort  is  to  i  resent  the  correct  perfect  fluid 
hydrodynamic  solution  for  tank  forces  and  moments  for  the  case  in 
which  the  acceleration  field  is  carried  with  (rotates  with)  the  tank. 
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V 

Bx 

c, 

>  -  dinensicnless  paraneters  defined  in  equations 

(7)  and  (8) 

aJ 

‘  F 

-  force  in  X  direction 

-  pounds  | 

J 

-  Bessel  function  of  first  klH 

-  tank  parameter,  k/a. 

M 

-  total  fluid  nass 

-  slugs 

-  hydrodynanic  nonest  on  tank 

-  lb. ft* 

P 

-  hydrodynanic  pressure 

-  psf 

a 

-  tank  radius 

•  feet 

A. 

-  depth  of  fluid 

-  feet 

* 

-  total  fluid  particle  velocity  -  urk 

-  frs 

A, 

-  radial  coordinate 

-  feet 

<4 

-  La  Flace  variable 

-  sec.”* 

t 

-  ties 

-  sec. 

ULtrur-  fluid  velocities  in  coordinate  directions 

» 

^  ,  it  respectively 

-  fps 

2  "  cartesian  coordinates 

Ay  £  a  -  polar  coordinates 

*r 

-  acceleration  in  Z  (axial)  direction 

-  fps2 

-  coefficient  of  fluid  node 

-  feet^/sec. 

-  root  of  j'  =  0 

s 

-  rotation  of  tank  about  its  base 

-  fluid  density 

-  slurs/ft3 

•  fluid  node  natural  frequency 

-  -ec.“' 
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ANALYSIS 


Reference  (1)  presents  s  solution  to  the  equations  of  notion  and 
boundary  conditions  for  a  perfect  fluid  In  a  cylindrical  tank  undergoing 
snail  arbitrary  translations  and  rotations  (see  Pig.  1).  Unfortunately, 
the  free  surface  boundary  condition  snployed  therein  for  the  case  of  the 
carried  acceleration  field  is  incomplete. 

To  the  writer’s  knowledge,  the  correct  boundary  condition  was 
given  first  by  Gleghorn  in  Reference  2,  although  the  solution  derived 
therefrom  was  In  error. 

To  derive  the  correct  free  surface  boundary  condition  for  the 
carried  field  case,  reference  ie  nade  to  Pig.  2.  For  a  static  tipping, 
It  is  seen  that  the  total  pressure  at  any  point  below  the  free  surface 
is  given  by  (  Q  small) 


P  •/oolt  [h.  -JE  coe  0] 


Hence,  for  the  case  of  fluid  sloshing,  the  addition  of  the  disturbance 
pressure  term  gives 


*5  ♦«■»■  (A**  (1) 


where  #  is  the  velocity  potential  defined  by  $*-Gnad  $  .  Now 

at  the  free  surface  (  B  ■  h  )  one  must  always  have 


pp  x  dP  dP  cLAj  dp  d  4  ,  dP  ctz  _ 

Dt  dt  bsi  cLt  dj  dt  da  oLt 


Substituting  Eq.  (1),  letting  dM/dt  ~urm  -df/djk  and  discarding 
higher  order  terms,  one  obtains  tre  linearised  boundary  condition  as 


^  Sl,Q  cos  ^  (2) 

at  x.  =  h. 
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Kq.  (2)  la  the  cenplete  free  surface  boundary  condition  for  the 
carried  acceleration  field  caae.  If  the  potential  function  of  Reference 
(1)  la  now  treated  with  Kq.  (2)  aa  the  free  aurface  boundary  condition, 
the  following  results  are  obtained  (details  omitted  since  they  parallel 
those  of  Reference  1) : 

Magttx-Egfeuftiil 
#-«*(•*♦*)*  cos  #  *e 

,  ,0Y  a  40^) 

C0S  *  ( 

vlw.  ^  *  =  ^ 

1  a.  a 

=•  *  20..  (cosher- l\ 


th*  ffl 


are  the  roots  of  J, 


(cosher-  A 

U^7 

•ota  of  J.  =  0. 


(4) 

Integration  of  the  preaaurea  over  the  tank  valla  and  base  loads  to 
the  transverse  force  and  moment  about  the  tank  base, 

\  .  2,  *  /  2.  r^\ 


*2"L  K*  (5) 

^ (6) 
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where  M  =  77>?a  n. 


A®  in  Feference  (1)  these  results  are  specialized  for  effects  of  the 
fundamental  fluid  sloahinp  node  alone  (subscript  "ln  in  the  summations). 

4,  **.**/•  .  *  \  4,ZX.+QKtd.2+T£) 


F  *  7LM-4,  Z&m(j  +  C,j 


<4*  + 


t?2=  x 


jq  *  — 

A<  K,  W^T 

0  _  0  /  Z  *■  Kf  sinh.  K.t  — cash.  K, 
7T2 - jr  a  •;  v; - 


, -4 « 


c,  - 


4  coah.K,-l 

K?  «»-/)  oU 


^  .  /  2  sink  tC,-K, 

D'  *, 

j,  .  /.«• 


Note  that  here  and  follouinr,  the  two  freauoncv  rnram.eters  written 
without  eubscrlpt  are  understood  to  be  for  the  fundamental  sloshinr  mode, 

Jtealggg 

Equations  (7)  and  (8)  are  put  into  the  form  from  which  a  mechanical 
analogy  is  derived  by  means  of  the  substitution 


hSl*  _  /  2  Z-t-hQ 

r‘-^r6*-r,  — t *tz5* — 
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where  Lp-  clt/ U)‘ 


After  cone  rearranging  one  obtains* 


z  ' 

F  =  -  At ,)  -<t29hPf(j  -B^j  +  MA,  OLr  Pp 

(f  n  \ 

I  +  ~sz)^Zqm^{j  +D)-B^+MhB£LTPF  '  (10) 
rF*~T~p  [^x *■  * *e/l ('  * 


The  equations  of  notion  for  the  mechanical  system  of  Kip.  3  are 
identical  in  form  with  the  above,  beinp 


F  *  “  ^  %■  ^  ^ I  °^T  P P 


«  - -O^TLho^a  ~  -dQtylcho*  A,  ar  rF 


(dW)  r,  ['■*** 


A  tern-by-term  comparison  between  eouations  (10)  and  (11)  yields 
the  equivalences  between  the  hydrodynamic  and  mechanical  system  piven  in 
Table  1. 


*  In  writing  these  eouations  use  has  been  made  of  the  identity 

i  ,  2 

/  „  -  /  CL  0 

j+C.-A,  '4f?-8f 
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DISC  OSS ION 


The  mechanical  avr.ter.  of  Ftp.  3,  whose  parameters  are  given  in  Table 
1 ,  duplicates  exactly  the  forces  and  moments  on  the  tank  and  the  fluid 
dynamic  response  for  the  fundamental  fluid  mode.  Thus,  the  anolopy  should 
prove  convenient  for  mechanisation  in  missile  stability  invest iret. Ions. 

Analytically,  the  present  result  differs  fr^m  that  of  Pcference  (1) 
only  in  the  definition  of  the  term  A  .  This  chanpe  results  in  re¬ 
ducing  the  excitation  of  fluid  due  to  tank  rotation  over  that  found  for 
the  carried  acceleration  field  case  of  Reference  (1).  The  effect,  in 
terme  of  the  mechanical  analopy,  is  to  lower  by  a  distance  Lp  the 
station  at  which  the  pendulum  excitlnp  acceleration  act6,  thereby  making 
the  locations  and  mapnitudes  of  both  the  exciting  acceleration  and  the 
feedback  forces  identical  in  the  fixed  and  carried  acceleration  field 
cases. 


Thj  mechanical  analogy  found  herein  is  therefore  identical  with  that 
found  (correctly)  in  Reference  (1)  for  the  fixed  acceleration  field  case. 
In  addition  to  beinp  mathematically  correct,  this  Identical  correspondence 
is  astheticallv  pleasing,  inasmuch  as  it  appears  undesirable  to  reoulrn 
a  shift  in  mechanical  analogy  upon  the  chanpe  over  from  fixed  to  carried 
acceleration  fields  (as  was  the  case  in  Reference  (1)). 

A  further  superiority  of  the  present  result  li^s  in  the  fact  that 
the  equations  of  forces  and  motion,  as  written  for  the  mechanical  analory 
in  the  carried  acceleration  field,  are  now  correct  from  the  joint  of  view 
of  pure  inecharics.  The  same  was  not  true*  of  the  carried  acceleration 
field  nechanical  analopy  of  Reference  (1),  whose  equations  of  mod  on  were 
made  to  durllcate  the  (incorrect)  hydrodynamic  solution  and  were  therefore 
themselves  incorrect. 
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CONCLUSION 


'The  correct  perfect  fluid  solution  for  forces  and  moments  on  a 
cylindrical  tank  of  fluid  underpcing  small  transverse  displacements  and 
rotations  in  a  carried  acceleration  field  hae  teen  derived.  A  mechani¬ 
cal  analogy  has  been  found  which  duplicates  exactly  the  forces,  moments 
and  dynamic  response  of  the  fundamental  fluid  sloshinr  mode. 
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FIGURE  1 

PROBLEM  COCBDIMATES  ft  DIMENSIONS 


